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Abstract. In this note we show that the mean Euler characteristic of equi variant symplectic 
homology is an effective obstruction against the existence of displaccable exact contact embed- 
C " D ' dings. As an application we show that certain Brieskorn manifolds do not admit displaceable 

' exact contact cmbcddings. 
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A contact manifold (S,^) is said to admit an exact contact embedding if there exists an embedding 
l: 'S ^ V into an exact symplectic manifold (V, A) 

and a contact form a for (S,^) such that a — l*X is exact, and such that l{T,) C ^ is bounding. 
1-^, ' In this paper we suppose, in addition, that any target manifold (T^, A) is convex, i.e., there exists 

, an exhaustion V = IJ^, Vk of V by compact sets 14 C Vk+i with smooth boundary such that X\dVk 

is a contact form, and that the first Chern class of (V, A) vanishes on Tr2{V). An exact contact 
embedding is called displaceable if i(E) can be displaced from itself by a Hamiltonian isotopy of V. 
We refer to [3] for more details on exact contact embeddings, and for examples and obstructions 
^ , to such embeddings. 

0\ : The mean Euler characteristic of a simply-connected contact manifold was introduced in the third 

' author's thesis [TT] in terms of contact homology, and was studied further in [?1[7]. Here, we shall 

consider the mean Euler characteristic of equivariant symplectic homology, which can be thought 
of as the mean Euler characteristic of a filling. For the definition see Section [2] Under additional 
assumptions, these notions coincide, see CoroUarv 12.21 and the subsequent remark. 

We say that a simply-connected cooriented contact manifold (S, a) is index-positive if the mean 
index A(7) of every periodic Reeb orbit 7 is positive. Similarly, we say that (S, a) is index-negative 
if the mean index A(7) of every periodic Reeb orbit 7 is negative. Finally, we say that (S, a) is 
index-definite if it is index-positive or index-negative. Recall that the mean index A is related 
to the Conley-Zehnder index ncz as follows: For any non-degenerate Reeb orbit 7 in a contact 
' manifold (S^"~^,a), its TV-fold cover 7^ satisfies 

^iczh'') ^ NAij) + eiN), (1) 

where e(N) is an error term bounded by n — 1, see [lOj [Lemma 3.4]. 

In this note we prove the following theorem. 

Theorem A. Assume that (S,^) is a (2n — 1) -dimensional simply- connected contact manifold 
which admits a displaceable exact contact embedding. Suppose furthermore that (S, a) is index- 
definite for some a defining ^. Then the following holds. 

(i) (S,Q!) is index-positive, and the mean Euler characteristic of its filling is a half-integer. 

(ii) //, in addition, (S,Q!) is a rational homology sphere, then the mean Euler characteristic 
of its filling equals !^ . 

Given positive integers oq, . . . , a„ one can define a Brieskorn manifold S(ao, . . . , a„) as the link of 
a certain singularity. Such a Brieskorn manifold S(ao, . . . , a„) is said to be a non-trivial Brieskorn 
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sphere if 1 for all i. If oq, . . . , a„ are pairwise relatively prime, and if n > 2, then S(ao, . . . , a„) 
is homcomorphic to S"^""^. Brieskorn manifolds carry a natural contact structure. A trivial 
Brieskorn manifold is a round sphere with its standard contact structure in M^" . and hence admits 
a displaceable exact contact embedding. 

Corollary B. A non-trivial Brieskorn sphere S](ao,...,a„) of dimension at least 5 whose ex- 
ponents are pairwise relatively prime does not admit a displaceable exact contact embedding. In 
particular, it does not admit an exact contact embedding into a subcritical Stein manifold whose 
first Chern class vanishes. 

The restriction to manifolds of dimension at least 5 comes from the following observations. 

Remark. In dimension 3, non-trivial Brieskorn spheres are not simply-connected. Hence Reeb 
orbits in these manifolds can become contractible in the filling even if they are not contractible 
in the Brieskorn manifold. The mean Euler characteristic of symplectic homology, on the other 
hand, counts Reeb orbits that are contractible in the filling, so it cannot be determined by just 
considering the contact manifold by itself. 

We conclude this introduction with a few open problems. 

1. Does Corollary B still hold true if we drop the convexity assumption on the target manifold 
(y, A), or the assumption that its first Chern class vanishes? 

2. Ritter proved in [3] that the displaceability of E implies the vanishing of the symplectic homology 
of the filling W . It is conceivable that then in fact the equivariant symplectic homology of W 
vanishes. This would imply that the assumption in Theorem A that (S,q;) is index-definite can 
be omitted, see Remark |3. II 

2. The mean Euler characteristic 

Assume that (VF, A) is a compact exact symplectic manifold, i.e. = dA is a symplectic form 
on W , with convex boundary S = dW . We assume throughout that the first Chern class ci{W) 
of {W,d\) vanishes on 7r2(W^), and that S is simply connected. For i 6 Z we denote by 

b,{W) ^ d\m{SHf^+{W-Q)) 
the i-th. Betti number of the positive part of the equivariant symplectic homology of W (as defined 

in mm)- 

For later use, we shall call a homology (C, , d) index-positive if there exists N such that 
Hi{Cf,,d) = for all i < N. Note here that if {J^,a) = d{W,dX) is index-positive in the pre- 
viously defined sense, then SH^, ' {W) is index-positive in the homological sense. The notions 
index-negative and index-definite are defined on homology level in a similar way. 

Definition. W is called homologically bounded if the Betti numbers bi{W) are uniformly bounded. 

If W is homologically bounded we define its mean Euler characteristic as 

1 ^ 

Xm{W) = lim - ^ i~l)MW). 
The uniform bound on the Betti numbers implies that the limit exists. 

Now assume that (S, A) is a contact manifold with the property that all closed Reeb orbits are 
non-degenerate. We recall that a closed Reeb orbit 7 is called bad if it is the m-fold cover of a 
Reeb orbit 7' and the difference of Conley-Zehndcr indices /.((7) — /i(7') is odd. A closed Reeb 
orbit which is not bad is called good. 

Definition. S is called dynamically bounded if there exists a uniform bound for the number of 
good closed Reeb orbits of Conley-Zehnder index i for every « G Z. 
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We denote by ©jy the set of good closed Reeb orbits of Conley-Zehnder index lying between ~N 
and N. If S is dynamically bounded, we define its mean Euler characteristic by 

Remark. Ginzburg and Kerman, [3 , define the positive and negative part of the mean Euler char- 
acteristic of contact homology by summing over all positive and all negative degrees, respectively. 
Their mean Euler characteristic is half of the one we define. 

If is a compact exact symplectic manifold, we say that W is dynamically bounded if its boundary 
S — dW is dynamically bounded. 

Theorem 2.1. Assume that W is dynamically bounded. Then it is homologically bounded and 

XmidW) = Xm{W). 

Corollary 2.2. If W is dynamically bounded, then its mean Euler characteristic is independent 
of the filling. 

Remark. Since the generators of the positive part of equivariant symplectic homology and contact 
homology are the same, the mean Euler characteristic can also be expressed in terms of contact 
homology data. This was done in the original definition in [TT]. Note, however, that the degree of 
a Reeb orbit 7 in contact homology is defined as ficz (7) + n — 3 if the dimension of the contact 
manifold is 2n — 1. This can result in a sign difference for the mean Euler characteristic. 

Proof of Theorem I2.lt If F denotes the set of all closed Reeb orbits on E = dW, then the 
critical manifold C for the positive equivariant part of the action functional of classical mechanics 
is given by 

If 7 is a fc-fold cover of a simple Reeb orbit, then the isotropy group of the action of on 7 is Z^. 
Therefore, 

7 X51 ES^ = BZk 

is the infinite dimensional lens space. The Morse-Bott spectral sequence, see [51 Section 7.2.2], 
tells us that there exists a spectral sequence converging to SH^, ' {W;Q), whose second page is 
given by 

- H,{^Xs^ES'-0^). 

/i(7)=i 

The twist bundle is trivial if 7 is good, and equals the orientation bundle of the lens space if 7 
is bad, see [U [5J [T3] . The homology of an infinite dimensional lens space with rational coefficients 
equals Q in degree zero and vanishes otherwise. Its homology with coefficients twisted by the 
orientation bundle is trivial. Therefore the second page of the Morse-Bott spectral sequence 
simplifies to 

Eh - Q 

/i(7)=i 

where (S C F are the good closed Reeb orbits. We conclude that the mean Euler characteristic 
of E^ coincides with Xm(S). Since the Euler characteristic is unchanged if we pass to homology, 
we deduce that Xm{^) equals Xm{W). This finishes the proof of the theorem. □ 

In our application to Brieskorn manifolds, we will compute the mean Euler characteristic for 
a contact form of Morse-Bott type. Brieskorn manifolds can be thought of as Boothby-Wang 
orbibundles over symplectic orbifolds, since there is a contact form for which all Reeb orbits are 
periodic. For such special contact manifolds the mean Euler characteristic has a particularly 
simple form. 
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Wc start with introducing some notation to state the resuh. Consider a contact manifold (S,a) 
with Morse-Bott contact form a having only finitely many orbit spaces, so that we have an 5^- 
action on E. Denote the periods by Ti < . . . < T^, so all Ti divide Tk- Denote the subspace 
consisting of points on periodic Reeb orbits with period Ti in E by Nt^ ■ 

Lemma 2.3. If H^{Nt,]Z2) =0, then H^{Nt, X51 ES^;Z2) =0. 

Proof. Consider the Leray spectral sequence for Nt^ x 51 ES^ as a fibration over <CP°°. As 
7ri(CP°°) = 0, the Leray spectral sequence with Z2-coefficients converges to the cohomology 
of TVt, Xgi ES'^. The -Ez-page is given by = iyP(CP°°; 7J«(^t. ; ^2)). Since H^{Nt,;Z2) = 
by assumption, there are no degree 1-terms on £2- Hence there are no degree 1-terms in E^^ 
either, and H\Nt, X51 ES^;Z2) = 0. □ 

Finally we introduce the function 

'/'T.;T,+i,...,T. = #{a e N I aT, < Tk and aT, i T,N for j = i + 1, . . . , fc}. 

Proposition 2.4. Let (E, a) be a contact manifold as above and assume that it admits an exact 
filling (W^dX). Suppose that Ci(^ — kera) — 0, .so that the Maslov index is well-defined. Let 
Hp := /x(E) be the Maslov index of a principal orbit of the Reeb action. Assume that H^(Nx x 51 
ES^; Z2) = for all Nt and that there are no bad orbits. 

If Hp ^0 then the following hold. 

• (E,Q!) is homologically bounded. 

• (E,a) is index-positive if fip > and index-negative if Hp < 0. 

• The mean Euler characteristic satisfies the following formula, 



IMP I 

Here (Nt) denotes the Euler characteristic of the S'^-cquivariant homology of the S'^-manifold Nt- 
Proof. We use the notation 

As before, there is the Morse-Bott spectral sequence converging to SH^, ' {W;Q). The second 
page is given by 

Nt 

^(5t) — ^ dim ST—q 

Indeed, the coefficient ring is not twisted as II^{Nt X51 Z2) = 0. 

The period of a principal orbit is Tk, so we have (pip^ = 1. Since the Robbin-Salamon version of 
the Maslov index is additive under concatenations, it follows that for any set of periodic orbits 
Nt with return time T > T^ we have 

H{NT)=fi{NTj+HiNT-Tj- 
It follows that the E'^-page is periodic in the g-direction with period |/^(-/VTfc)| = \hp\ -^Tt = 5^)- 
Since we have assumed that hp Oj we see that SH^ '^{W) is homologically bounded. 

Moreover, by the definition of the Maslov index hp, the sign of hp determines whether (E,a) is 
index-positive or index-negative. 

Finally, the mean Euler characteristic can be obtained by summing all contributions in one period 
and dividing by the period. This gives 

Xn.{W) = ^ -— . 

Imp I 
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Now observe that the definition of the functions (f>Ti;Ti+i,...Tk is such that it counts how often 
muhiple covers of a set of periodic orbits A'y. appear in one period of the i?^-pagc without being 
contained in a larger orbit space. We thus obtain the above formula. □ 

Remark. This proposition is a generalization of [4] [Example 8.2], and Espina's methods could also 
be used to show the above. 



3. Proof of Theorem A 

In the first two paragraphs of this section we prove three general statements that in particular 
imply assertion (i) of Theorem A. In paragraphs 13.31 and 13.41 we then work out the situation for 
rational homology spheres. 

3.1. Two general statements. 

Proposition 3.1. Assume that a {2n — \)- dimensional simply- connected contact manifold 

admitting a displaceable exact contact embedding into (V^dX). Denote the compact component of 
V \ T, by W . Suppose furthermore that (S, a) is index-positive. Then 



Corollary 3.2. Under the assumptions of Provosition \3J\ 

-1 x(w^,s) 



Xm{W) = (-1)"+! 



2 



Proof of Proposition 13. 1[ Consider the S'-'^-equi variant version of the Viterbo long exact sequence, 
. . . ^ H^^IJW, S) SHfiW) ^ SHf'+iW) H^U_,iW, !])—>... 

from [T31[2]. By assumption SHf ''^{W) is index-positive. The group homology {W, S) is also 
index-positive, so we conclude that SH^ (W) must be index-positive as this group is sandwiched 
between O's for sufficiently negative *. 

By Ritter's theorem [9l Theorem 97] displaceability of S implies SH^,{W) = 0. The Gysin sequence 
for cquivariant and non-equivariant symplectic homology from [2] reads 

. . . ^ SH^W) SHtiW) A SH t2iW) SH^^iiW) . . . 

so all maps D„ are isomorphisms. Since we just showed that SH^ (W) is index-positive, it must 
vanish in all degrees. 

Finally consider the equivariant version of the Viterbo sequence once again. Since SH^^{W) 
vanishes, it follows that 



□ 



CoroUaryO follows from Proposition O by observing that ijf {W, S) ^ H^{W, E) (g)i?,(CP°°), 
since the S'^-action on {W, S) trivial (by construction of Viterbo's long exact sequence). In other 
words, ijf (VF, E) consists of infinitely many copies of E) which are degree-shifted by 

0,2,4,... 

Remark. It is conceivable that the displaceability of W implies that SH^ (W) vanishes. The 
conclusion of Proposition 13.11 without the assumption that (E,a) is index-positive, would then 
follow at once from Viterbo's 5 ^-equivariant long exact sequence. Hence, the assumption in 
Theorem A that (E,a) is index-definite could be omitted. 
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3.2. Index-positivity. 

Lemma 3.3. Assume that (S,^) is a (2?i — 1)- dimensional simply- connected contact manifold 
admitting a displaceable exact contact embedding into (V,dX). Denote the compact component of 
V \Y, by W . Suppose furthermore that (S,^ = kera) is index- definite. Then (S,a) is index- 
positive. 

Proof. Again by Ritter's theorem [9l Theorem 97] we conclude that SH^,{W) = 0. Hence the 
Vitcrbo long exact sequence from [TU [5] reduces to 

. . . ^ ^ SHtiW) ^ H,.+n-iiW, E) ^ ^ . . . , 
so we see that SH+^^(W) ^ i?2«(Vt^, S) = H°{W) ^ 0. 

Now suppose that (E,a) is index-negative. On one hand, our previous observation shows that 
there is a generator of degree n + I. On the other hand, if a is a non-degenerate contact form, 
then the iteration formula (H]) tells us that an TV-fold cover of a Reeb orbit 7 satisfies 

lMcz(7'^)-iVA(7)| < 

where A(7) denotes the mean index of the Reeb orbit 7. Since (S, a) is index-negative, A(7) < 0, 
so fJ-czij^) < n — 1. In particular, no generator of SH^_f_j^{W) can be realized by a Reeb orbit. 
This contradiction shows that (S, a) must be index-positive. □ 

3.3. Displaceability and splitting the sequence of the pair. In the following lemma, {V,fl) 
is a connected manifold endowed with a volume form, and C ^ is a compact connected 
submanifold with connected boundary of the same dimension as V with the property that the 
volume of the complement of W in V is infinite. We say that the hypersurface S = dW C V 
is volume preserving displaceable if there exists a compactly supported smooth family of volume 
preserving vector fields Xt, t ^ [0,1], on V such that the time-1 map cj) of its flow satisfies 

0(E)ni] = 0. 

Lemma 3.4. Assume that S = dW is volume preserving displaceable in V . Then the projection 
homomorphism : H^{W; Q) H^(W, E; Q) vanishes. 

Proof: We prove the lemma in two steps. For the first step we need the assumption about 
volume preservation. 

Step 1: The volume preserving diffeomorphism (p displacing S displaces the whole filling, 
I.e. (j)[W)r\W = 0. 

We divide the proof of Step 1 into three substeps. 

Step la: There exists a point x such that 4'{x) ^ W . 

We argue by contradiction and assume that 4>{W) C W. In particular, the restriction of to 
gives a diffeomorphism between the two manifolds with boundary W and (f>{W) C W. Therefore, 
a y € W satisfies (j){y) € dW, it follows that y G dW. We conclude 

(j){W) ndW d (jjidW). 
Since (jj displaces the boundary from itself, we obtain 

(/)(iy) n 9iy = 0. 

Denoting by int the interior of a set, we can write this equivalently as 

0(iy) C mt{W). 

Hence <j>{W) is a strict subset of W. Since W is compact, its volume is finite. Therefore, the 
volume of 4>{W) is strictly less than the volume of W. This contradicts the fact that <j> is volume 
preserving. Therefore the assertion of Step la has to hold true. 
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Step lb: 0(5W) C W. 

Since displaces dW from itself, we have dW C int(Vt^) U W^. Since dW is connected by 
assumption, we either have (j>{dW) C int(VF) or (t){dW) C W. Therefore it suffices to show 
that (t){dW) n is not empty. Since has infinite volume but (j){W) has finite volume by 
assumption, we conclude that there exists a point yo & such that yo ^ '/'(W). Step la implies 
the existence of a point yi £ satisfying yi £ '/>(W^). Since V,W , and dW are connected by 
assumption, we obtain from the Mayer- Vietoris long exact sequence that W is connected as well. 
Therefore there exists a path y g C"([0, 1], W^) satisfying y(0) — yo and y(l) = yi. Since W is 
Hausdorff, there exists t G (0, 1) such that y{t) e 9(0(1^)) = (f>{dW). Therefore (f>idW) H W is 
not empty, which finishes the proof of Step lb. 

Step Ic: We prove Step 1. 

We assume by contradiction that there exists a point xq € W C\ 4>{W). By Step la and the 
fact that (j) is volume preserving, we conclude that W cannot be a subset of (/)(W^). Therefore 
there has to exist a point xi G fl {4){W)Y as well. Since W is connected by assumption, there 
exists a path x £ C°([0, 1], W) satisfying a;(0) = xq and x(l) ~ xi. As in Step lb there has to 
exist t € (0, 1) such that x{t) G (l){dW). But this contradicts the assertion of Step lb. The proof 
of Step 1 is complete. 

Step 2: If a diffeomorphism (f) isotopic to the identity satisfies (j)(W)riW = 0, then the projection 
homomorphism p^ : H^{W; Q) H^{W^ dW; Q) vanishes. 

We prove the dual version in de Rham cohomology, i.e. we show that the inclusion homomor- 
phism from the compactly supported de Rham cohomology of W to the de Rham cohomology 
of W vanishes. To see this, pick ui G n''{W) which is compactly supported and closed. We show 
that there exists rj G Vlk-iiW) not necessarily compactly supported such that to = drj. Since lo 
is compactly supported, we can extend it trivially to a closed fc-form on V , which we refer to 
as oj. Since is isotopic to the identity, we have 4> — (j)^ for a fiow {0*}te[o,i] generated by a time 
dependent vector field Xt- By the Cartan formula and the fact that oj is closed we obtain 




{dix,+ix,d){(j)*) 




We define a (/c — l)-form on V by the formula 




By the previous computation we get 



drj. 



Now set 



77 = 771m/ G n'^-^W). 




□ 



3.4. Rational homology spheres and completion of the proof of Theorem A (ii). In the 

case of rational homology spheres, the homology of the filling is completely determined: 
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Lemma 3.5. Suppose (S,^) is a (2n— \)- dimensional simply- connected rational homology sphere 
admitting a displaceable exact contact embedding into {V,dX). Let W denote the compact compo- 
nent ofV\'E. Then 

' Q if * = 2n, 



{0} eZ.se. 



Proof. We can assume that V has infinite volume. Indeed, if V has finite volume, we choose a 
compact convex manifold 14- in the exhaustion of V such that W <Z Vk, and replace V by the 
manifold V obtained by attaching cylindrical ends to the boundary of Vk- Notice that V is also 
an exact convex manifold whose first Chern class vanishes on Ti2{V). 

In view of Lcmma l3.4l the long exact homology sequence for the pair (VF, E) splits for every k ^ "L 
into short exact sequences 

^ iffe(VK, S; Q) A Ffe_i(I]; (Q) ^ Ffe_i(W; Q) ^ 0. 

By using the fact that S is a rational homology sphere as well as _ffo(M^; Q) Q we conclude that 
H^{W,T.-Q) = {0} for * ^ 2n. Since E; Q) is Poincare dual to iJo(W^;Q), the result for 

* = 2n also follows. □ 



Lemma 13.51 shows that the Euler characteristic of the relative homology is given by 
Assertion (ii) of Theorem A follows from this and Corollarv l3.2l 

4. BrIESKORN MANIFOLDS 

Choose positive integers ao, . . . , a„. The Brieskorn variety V{ao, . . . , a„) is defined as the following 
subvariety of 0"+^, 



V;(ao, . . . ,a„) 



For e 0, this variety is singular unless one of the exponents is equal to 1. For e 7^ 0, we have 
a complex submanifold of C""'"^. 

Given a Brieskorn variety Vb(ao5 • ■ • 1 On) we define the Brieskorn manifold as 

E(ao, . . . , a„) := Vb(ao, . . . , a„) n S'^"+\ 

where 5^"^^ is the sphere of radius i? > in C"+^. For the diffeomorphism type, the precise value 
of R does not matter. Brieskorn manifolds carry a natural contact structure, which comes from 
the following construction. 

Lemma 4.1. Let {W^i) he a complex variety together with a function f that is plurisuhharmonic 
away from singular points. Then regular level sets M = /^^(c) carry a contact structure ^ = 
TMniTM = keT{-dfoi)\M■ 
Applymg this lemma with the plurisuhharmonic function / = ^ |zj p we obtain the particularly 
nice contact form 

a = ^^flj {zjdzj - Zjdzj) 
j 

for this natural contact structure. Its Rceb vector field at radius i? = 1 is given by 



The Rceb fiow therefore is 
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We thus sec that all Reeb orbits are periodic. This allows us to interpret Brieskorn manifolds as 
Boothby-Wang bundles over symplectic orbifolds. 

Proposition 4.2. Brieskorn manifolds admit a Stein filling, and their contactomorphism type 
does not depend on the radius R of the sphere used to define them. 

Indeed, by definition, Brieskorn manifolds are singularly fillable. One can smoothen this filling by 
taking e 7^ 0, and consider rather than Vq- The resulting contact structure is contactomorphic 
by Gray stability. Furthermore, gives then the Stein filling. Gray stability can also be used to 
show independence of the radius i?, see also Theorem 7.1.2 from [6]. 

4.1. Brieskorn manifolds and homology spheres. Let us start by citing some theorems 
from [8]. This book gives precise conditions for Brieskorn manifolds to be integral homology 
spheres. However, we shall restrict ourselves to the following case. 

Proposition 4.3. //ao,...,a„ are pairwise relatively prime, then S(ao,...,a„) is an integral 
homology sphere. 

Furthermore, higher dimensional Brieskorn manifolds, i.e. dim E > 3, are always simply-connected, 
so we in fact find 

Theorem 4.4. //ao,...,a„ are pairwise relatively prime, and if n > 2, then S(ao,...,a„) is 
homeomorphic to S^"~^ . 

Remark. If one of the exponents Oj is equal to 1, then the resulting Brieskorn manifold (I](ao, . . . , a„), a) 
is contactomorphic to the standard sphere (5^"~^,Q!o). Indeed, in this case the Brieskorn vari- 
ety Ve(ao, . . . , a„) is biholomorphic to C", as we can regard the variety as a graph. 

4.2. Formula for the mean Euler characteristic for Brieskorn manifolds. We can think 
of Brieskorn manifolds as Boothby-Wang orbibundles over symplectic orbifolds. However, all the 
essential data is contained in the 5 ^-equi variant homology groups associated with the Reeb action. 
The following lemma will hence be useful. 

Lemma 4.5. Let N be a rational homology sphere of dimension 2n + 1 with a fixed-point free 
S^-action N X ^ N. Then 

Ht{N;Q) = H4C¥";Q). 

In particular, 

X^'\N) =71+1. 

Proof. Note that N x ES^ carries a free i'^-action, so we can think of x ES^ as an 5^-bundle 
over N Xgi ES^. We consider the Gysin sequence for this space with Q-coefRcients. Since N is 
a rational homology sphere of dimension 2n + 1 and ES^ is contractible, all homology groups of 
N X £^5*^ except in dimension and 2n + 1 vanish. Hence the Gysin sequence reduces to 

H4N) ^ H^{N Xsi ES^) ^ H^-2{N Xgi ES^) H,^i{N) 

for 1 < * < 2n + 1. This shows that Hf{N; Q) = iJ,(CP"; Q) for * < 2?! + 1. To see that there 
are no other terms, we shall argue that {N; Q) is bounded. For this, choose an ^^-equivariant 
Morse-Bott function / : N ^ M., see [HI Lemma 4.8] for the existence of such a function. Define 
a Morse-Bott function 

/: N Xsi ES^ — > M 

[x,v] I — > f{x). 

Consider the Morse-Bott spectral sequence for H^{N Xgi ES^; Q) with respect to the Morse-Bott 
function /. Its £^^-page is given by E^^ = Hq{Rp;Q), where Rp are the critical manifolds of / 
with index p. Again, by [3 Section 7.2.2] this sequence converges to H^,{N X51 ES^;Q). Note 
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that the critical manifolds form infinite-dimensional lens spaces, so Hq{Rp; Q) = Q if g = and 
otherwise. Since there are only finitely many critical manifolds (because N is compact), it follows 
that {N; Q) is bounded. 

With this in mind, we reexamine the Gysin sequence. Assume that (iV; Q) is non-zero for 
some k > 2n + 1. Then H^^^i^i^) is non-zero either, etc. Hence H^^{N;Q) is not bounded, 
which contradicts our previous term. The lemma follows. □ 

Remark. Strictly speaking, N Xgi ES^ has no manifold structure. Recalling ES^ = S°°, we can, 
however, approximate this space by x 51 5*2*^+1 for large M. For the latter space, the above 
argument works, and can be adapted to show triviality of Hi {N x 51 5*^*^+^; Q) for i > 2n -|- 1 and 
i < 2M. 

Proposition 4.6. The Brieskorn manifold S(ao, . . . ,a„) with its natural contact form a is index- 
positive ifYlij -i' '^^'^ index-negative ifYlj T" -i' Furthermore, if the exponents ao, . . . ,a„ 
are pairwise relatively prime, then the mean Euler characteristic of S(ao, . . . , a„) is given by 



n+i n+{n~l) "Zio jaio - 1) + ■ ■ ■ + 1 E^o<. (q»o - 1) ■ ■ ■ (a»„-2 - 1) 



2|(Z]j ao ■ ■ ■ Uj ■ ■ ■ Qn) - ao ■ ■ ■ a„| 

(2) 



Xm(E(ao,...,a„),a) = (-1) 



Proof. The proof is a direct application of Proposition 12.41 The principal orbits have period 
ao ■ ■ ■ On- Exceptional orbits have periods oq, . . . , a„, aoOi, . . . , a„_ia„, . . . , ai ■ • ■ a„. Given a col- 
lection of exponents / = {ai-^ , . . . , a^^. } C {ao, . . . , a„} we denote the associated subset of periodic 
orbits with period a^^ • • • Oi^ by Nj. 

In [11] the Maslov index of all periodic Reeb orbits is computed. For the principal orbit, the result 
is 

fip := 2 Icnij ai f ^ — ^ 1 j = 2 op ■ ■ ■ a} ■ ■ ■ a„ - oq ■ ■ ■ a„. 



We check that the conditions of Proposition 12.41 are satisfied. By Proposition 14.31 it follows that 
H^{Ni;1j2) = if the index set / has more than 2 elements (i.e. dimA'r > 1), so Lemma [2.31 
applies. Furthermore, the index computations in show that there are no bad orbits. 

Hence Proposition 12.41 applies, so S(ao, . . . , a„) is index-positive if — > 1 and index-negative 
if J2j i~ < 1- Furthermore, the S'-'^-equivariant Euler characteristics needed in Proposition 12 .41 are 
obtained from Lemma 14.51 



The formula for the Maslov index of the exceptional orbits is slightly more complicated, see 
Formula (3.1) from [T^], but we only need to observe that the parity of niSxi) — | dim 5*71 is the 
same as the one of n -I- 1 . 

We conclude the proof by determining the coefficients (j)Ti;Ti+i,...,T„- We shall do this by counting 
how often multiple covers of an orbit space appear in one period. The full orbit space S^ao....,a„} 
appears once. The orbit space '5'{a„....^a„_i} appears a„ times, but the last time it contributes, it is 
part of >5'{^ao....,a„}: which we already considered. Therefore S^ao a„_i} contributes a„ — 1 times. 
By downwards induction on the cardinality of /, we conclude that Sj appears Y[j [o-j ~ 1)/ naG/^*^" 
1) times in one period. □ 

Remark. The mean Euler characteristic of 5 ^-equi variant symplectic homology coincides with the 
mean Euler characteristic of contact homology. This means that the above computation amounts 
to an application of the algorithm in [12]. However, there are still many issues with the foundations 
of contact homology, so we shall not pursue this line of thought. 



5. Proof of Corollary B. 



We start by some general observations that will be needed in the proof. 
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For n G N we define 
We claim the following identity 

f{n) = (-1)"+! (3) 
We prove ^ by induction. It holds that /(I) = 1, and for the induction step we compute 

n+l 



/(n+l) = + "I 

j=o \ J / 

j=o \ J / 

(-l)-'(71+l-j)( ( 

= ±{-iyin + 1 - ,) I 1) + + 1 - ,) + J) 



j ) \j - 1 



3=0 ^ " ' i=0 

- t(-i)>-.)(";VB-i)'("tVs<-i)'>-o-i»("^ 

i=o \ / \ J / \J 

n+l / I 1 \ / J_ 1 

i=o \ ■> / 
= (-1)"+! + (1 - - (-1)"+! - (-1)"+! 

This proves the induction step and hence ^ follows. 
Alternatively, we can compute 

- ^(-i+xr+^u^i = X^(-i)-'(n+i-jK--'Y"+^ 

^ 0=0 ^ 

= /(") + E(-i)^' (" I ') + (-1)""^ (;;+;)- (-d-"^ 

= + (-1 + - (-1)"+! = f{n) - {-ir+\ 

Proposition 5.1. Let S(ao, . . . ,a„) he a Brieskorn manifold whose exponents are pairwise rela- 
tively prime. Suppose that J- > 1. Then Xm(S(ao, . . . , cin), a) = — -5 i/ only if one of 

the exponents is equal to 1. 

Proof. The condition -'^ implies that the denominator of ([2]) (without | |) is positive, so 

. ^ / , ^n+i » + E»oK - 1) + ■ ■ • + E»o<...<»„_,K - 1) ■ ■ ■ (q-^„-2 - 1) 

Xm(S(ao,...,a„j,a) = (-1) ^ r . 

2 Uj2j ao ■ ■ -Oj ■ ■ -an) - ao- ■ -an) 

Let us now try to solve the equation Xm = (— l)"'''^^- We obtain 

n + (n - 1) E("^o - 1) + • ■ ■ + E ("^0 - 1) • • ■ (aj„_2 ^ 1) = ■ • ' o^' • ■ • a„) - ao • ■ • a„. 

io io<---<in-2 j 
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Wc multiply out all terms on the left hand side and organize them as linear combinations of ele- 
mentary symmetric polynomials 6^(09, . . . , a„) of degree d, for c? = 0, . . . , n — 2. Using Formula ([3]) 
repeatedly to obtain 

n-2 

^(-l)""^"''efc(ao,...,a„) = e„_i(ao, . . . , a„) - e„(ao, . . . , a„). 

A:=0 

Moving all terms to the left hand side and collecting them yields the equation 

n 

n(a, -1)=0, 

3=0 

which can only hold if one of the exponents is equal to 1 . □ 

Observe that the remark after Theorem 14.41 implies that the mean Euler characteristic has to be 
equal to -^^ — ^ — if one of the exponents equals 1. 

Proof of Corollary B. Let S(ao, . . . , a„) be a Brieskorn manifold with pairwise relatively prime 
exponents oq, . . . , a„. If the exponents oq, . . . , satisfy ^ < 1, then Proposition 14.61 tells us 
that (S(ao, . . . , a) is index-negative. Theorem A implies that such manifolds do not admit a 
displaceable exact contact embedding. 

If the exponents oq, . . . ,a„ are pairwise relatively prime, then -!- 7^ 1. Indeed, suppose that 
y = 1. Then 

1 1 ai- ■ ■ an - l^.^iai- ■ ■ aj ■ ■ ■ an 

— = 1 - > — = . 

ao aj ai ■ • • a„ 

If we invert the left and right hand side, we see that oq divides oi • • • a„, which shows that ag, . . . , a„ 
are not pairwise relatively prime. This leaves the case that ^ > 1. For this case. Proposi- 
tion 15.11 applies, so together with Theorem A we conclude that non-trivial Brieskorn manifolds 
with pairwise relatively prime exponents do not admit exact displaceable contact embeddings. 
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